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Aharoni [l] proved that each separable metric space can be Lipschitz embedded 
into c,(w,). Assouad [2] simplified his proof, improved constants of Lipschitz 
embeddings and suggested a generalization of his result. 
We present the final improvements of constants for Lipschitz embeddings into 
c,‘<w,> and another generalization of Aharoni’s result which comes from the 
theory of uniform spaces. Namely we shall prove that each metric space (X, p) 
whose metric uniformity has a base consisting of point-finite uniform covers (such 
a base of uniform covers will be called a point-finite base; a base of uniform covers 
is a collection of uniform covers such that each uniform cover is refined by some 
cover that belongs to a base) can be uniformly embedded into C:(K) where 
K = dens X. We shall also prove that a uniformity of each C&K) has a point-finite 
base of uniform covers, hence the co(~) are universal spaces for metrizable 
uniformities with a point-finite base. It implies a well-known fact [8] that each 
separable uniformity has a point-finite base. 
Investigating the Lebesgue number of point-finite uniform refinements we shall 
point out the reason why a uniform embedding cannot be generally replaced by a 
Lipschitz one in the nonseparable case. As a byproduct of this analysis we obtain 
full information on the Lebesgue number of point-finite uniform refinements in 
C”(K) and an internal characterization of metric spaces which are Lipschitz embed- 
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dable into co(~). The difference between c0 and cc will be mentioned. (co(~) 
denotes a Banach space the underlying set of which is formed by all real-valued 
mappings f : K + R such that cardcsupp f) G o0 and lim f = 0, and which is 
equipped with the sup-norm. C:(K) denotes its metric subspace consisting of all 
mappings the values of which are nonnegative.) For a real number t, (t)‘= 
max(t, 01, (t)-= max( - t, 0). For a cardinal number (Y, (a)’ denotes the successor 
of CY. 
0. Preliminaries 
Let (X, p) be a metric space. Let _@ be a cover of (X, p). The Lebesgue 
number L(d) of & is defined by 
L(d) =&f,(;u,p,{dist”(r, X-A))). 
Hence a cover _w’ of (X, p) is uniform provided that L(d) > 0. An e-shrinking of 
22 is a collection of all sets 
S,={~EB: distP(x, X-B) >E) where BE&. 
For x EX and E > 0, BP(x, E) = {y: p(x, y) < ~1, .sP(E) = {BP(x, E): x EX). 
For x EX and McX, distP(x, M) = inf{p(x, z): z EM}. 
Let 9’ be a collection of subsets of X. For Y cX, 
SAY={BnY: BE9’). 
An order ord 9 of 9 is defined by: 
l ord 9 = IZ where IZ is a nonnegative integer if n = maxicard $8: ~2 ~9’ and 
l-la # 61, 
l ord 9 = (Y where (Y is an infinite cardinal if (Y = sup{(card _9_)‘: g c9 and 
f-g + Id}. 
Let (X, Z) be a uniform space (Z is a collection of covers as in [41). The 
point-character pc(X, 9) of (X, %) is the least infinite cardinal (Y such that there 
is a base 9 of % such that ord 9 < (Y for each 9’ ~9, hence (X, Z) is said to 
have a point-finite base iff pc(X, %!1> < wi. If Y CX then 
~2/rY={.9?r\Y:9=z}. 
If (M, p) is a metric space then p will denote also the uniformity induced by p. 
The general references are [3,41. 
1. 
Firstly, we exhibit easy statements clarifying the relationship between the 
point-character of a uniform space and its dense subspaces. 
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Lemma 1.1. Let (X, p) be a metric space. If Y CX is dense in (X, p) and 
card Y < (Y then pc(X, p) < a+. Moreover, each S(E) has a uniform refinement 9 
such that ord 9 < CY and L(9) > e/2 - S for each 6 > 0. 
Proof. Put Y = {ys: 5 E a]. Take E > 0. Define P< = B(y,, s> - U{B(y,, 6): L E {] 
for 5 E (Y and any chosen 6 G &/2. 9 = {P& ~ o1 has the desired properties. 0 
Remark 1.2. This proof is the same as that in [Bl where the result is given for 
(Y=W”. 
In one direction, Lemma 1.1 can be easily generalized as follows: 
Proposition 1.3. Let (X, %!‘> be a uniform space. Zf Y CX is topologically dense in 
(X, %(> and pc(Y, %/r Y) G (Y then pc(X, Z’> G cy. 
Proof. It is sufficient to give a proof for metric spaces. Let (X, p) be a metric 
space and Y CX be a dense set such that pc(Y, p 1 Y> G (Y. Take a uniform cover 
9 of (X, p) consisting of regular open sets. There is a uniform cover & of (X, p) 
such that: 
(1) &AY<9AY, 
(2) ord(& A Y) < CY. 
Put E = L(&). Let 9 denote an &/Zshrinking of 8. Then SE’ <9 (for each R ~9%’ 
there are Q E d and P ~9 such that Q n Y c P, Int Q c P and BCR, s/2) c Q> 
and ord 9 < (Y (for each x E X there is y E Y such that card{R ES’: x E Rl G 
card{Q E &: y E Q]>. 0 
Now we restrict ourselves to metrizable uniformities with a point-finite base. 
Proposition 2.1. Let (X, p) be a metric space with pc(X, p) < w,. Put K = 
dens(X, p). Then there is M c CO+(K) which is uniformly homeomorphic to (X, p). 
Proof. The collection {9p(2-n): n is a nonnegative integer} forms a base for 
(X, p). For each sV(~-~) there is a uniform point-finite refinement 9,, with 
card 9n =G K. Put E, = L(9,). For P Epn define a mapping fp”(x) = 
min(dist”(x, X-P), 6,). Take some l-l mapping d : U(9, X (n}: n E wo} + K 
and define F : X + C:(K) by 
F(x)(<) = f(x)7 $;e=W;i,‘py n)>, 
i, 
Put F[X] = M. Clearly, F is l-l and uniformly continuous. If m,, m2 E M and 
]I m, - m2 11 C0 <E, then p(F-‘Cm,), F-‘Cm,)) < 2-(“-‘), hence F-’ : M+X is 
uniformly continuous as well. 0 
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Remark 2.2. This natural method will be used in a more involved way in the proof 
of Theorem 3.1. 
Proposition 2.3. PC(C,(K)) = w1 for each infinite K. Moreover, for each E > 0 and 
each 6 > 0 such that 6 < e/2 there is a uniform point-finite refinement of S&‘(E) with 
the Lebesgue number at least e/2 - 6. 
Proof. pc(c,(~)) > wa as for any infinite cardinal K, co(~) contains a uniformly 
discrete collection {D,,}~=, such that each D,, is an n-dimensional compact metric 
space. So we have to prove that PC(C~(K)) G q. Choose E > 0 and 6 > 0, 6 < ~/2. 
We will find a uniform point-finite refinement of MY whose Lebesgue number is 
at least c/2 - 8. For n = 1, 2,. . . , put A, = {f E co(~): for each 5 E K there is an 
integer p5 such that f(t) =p&e + e/n)). Put A = lJ~=,A,. 
Claim. (a) For each g E co(~) and each n E o0 - {O), B(g, E) CIA, is a finite set. 
(b) For each f E co(~) there is n E w0 such that for each g E B( f, E) there is 
h E A,, such that II h - g II G e/2 + 6 (the least n with this property will be denoted 
by nf ). 
Proof of Claim. (a) There is a finite set A4 C K such that for all 5 E K -44: 
I g(.$>l <e/n. If f E B(g, E) nA, then for each 5 E supp f, I f(t)1 > E + e/n 
hence g(t) 2 e/n so supp f CM. 
(b) Let f E co(~). For 5 E K define an integer mg by 
m(=min{t: t isanintegerand t.E> If([) 
Put m = max{mg: 5 E K}. Take any integer n > e.(m + 1)/a. Suppose g E 
B( f, E). For each 5 E K choose an integer b, such that I bg.e -g(c) I < e/2 (hence 
b, E ( -(ms + l), -mg, -(ms - 11, -(me - 2)) U {(rn( - 2), . . . ,(mS + 111 for each 
5 E K). Define h E A, by h(e) = b&e + e/n) for 5 E K. Then 1 h(5) -g(t) I < e/2 
+ I b, I x/n G e/2 + (m + 1)6/n G .5/2 + 6. Now define F,, = U{B(f, .5/2): f E 
CO(K) and nf G n} for n E q,. For f E A,, n = 1, 2,. . . , define Pf = B( f, E) - F,_ 1. 
Put gn = IPfIf E A, and 9 = tJ;=iY,. By Claim, L(9) & .5/2 - 6 and 9 is 
point-finite. 0 
Corollary 2.4. A metric space (X, p) has pc(X, p) < wi iff (X, p) can be uniformly 
embedded into co(~) where K = dens(X, K). 
Corollary 2.5. A uniform space (X, ZY) has a point-finite base ifjf (X, Z) can be 
uniformly embedded into a uniform product of spaces C,,(K). 
The Lebesgue number of a uniform point-finite refinement of 5%~) on c,&K) 
cannot be improved. It is shown in the following. 
Proposition 2.6. There is no uniform point-finite cover 9 of c,&K) such that 
9’ <S(E) and L(9) > e/2. 
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Proof. We need the following easy 
Lemma 2.7. Let 9 be a point-finite open cover of a complete metric space (X, p>. 
Put V = {x E X: there is a neighborhood U of x such that card {P ~9: P f’ U Z #} < 
o,,}. Then V is an open dense set in (X, p>. 
Proof of Lemma 2.7. We have only to show that V # @. For n = 1, 2,. . . define 
X, = {X EX: BP(x, l/n) c n{P ~9: x E P}. X is a Baire space hence there is 
n E w0 - {0} such that int x, f 8. Put 2 = int x,. Take y E Z and n = min(l/(2n), 
distP(y, X-Z)). It is easy to see that BP(y, 7) CXzn hence y E V. 0 
proof of Proposition 2.6. Let 9 be a uniform point-finite refinement of a(&) with 
~(9) 2 ~/2. Take such an x E C&C) that there is n > 0 such that 
card(PE9: PnB(x, 77) Zfl} =P<w,. (0) 
There are points yi, . . . , yp+i E c&c) such that 
))x-yi)) =t+i, i=l,..., p+l. (1) 
If {i, j} C(l,..., p+l} andizjthen IIYi-YiII=T+E. (2) 
(0) and (1) imply that there are P ~9, h E C,,(K), {i, j} C (1,. . . , P + 11, i +j such 
that: B(Y,, e/2) u B(Y,, ~/2) c P cB(h, E). (2) implies that there is E0 E K with 
I y,(tJ - yj(&> I = 77 + F. Suppose Yi(50) < Yj(<a). Then h(5,) - 6 G Yi(50) - a/2 
<Y,(tJ + 77 + 3e/2 G h(5,) + E which is impossible. 0 
In this part, we present some results on separable metric spaces. 
Theorem 3.1. (1) Let (M, d) be a separable metric space. There is a mapping 
f : A4 + c,‘(w,> such that: 
+d(x, Y) Q If(x) -f(Y)Ilcoa+, Y). 
(2) Let (K, p) be a metric compact space. For each E > 0 there is a mapping 
F : K + c,‘(w,> such that: 
~~p(x, Y) < IIF -F(Y)II,~~P(x, Y). 
Proof. (1) Let P be a countable dense subset in (M, d). Put P = Ip,: n = 1, 2,. . .I, 
Pk={pn: n=l,..., k}. We may and shall suppose that p, +p,,, for n Z m. For 
k = 2, 3,. . . , define Mk = max{d(p,, pi): i = 1,. . . , k - 11 and Ed = l/k. Define 
. t1=0, 
. t, = [Mkl/Ek = the least integer greater than M,JE~, k = 2, 3,. . . . 
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Define 
l b?(x) = d(x, Pi), 
l b:(x) = min(b,0_,(x), (d(x, pk) - i.ek)+), k = 2, 3,. . ., i = 0,. . . , t,. 
For i = t, + 1, define bi = (d(x, pk) - tk.Ek)+. For i E (0, 1,. . . , tk}, k = 2, 3,. . . 
define: 
Z(k, i) ={.xEM: i.Ek<d(pk, x) <(2i+2)zk and (x, Pk_i) ai..+}. 
Define CL : A4 + (the nonnegative reals} by 
cg x) = 
i 
(d(x, I)~) - i.Ek) for xEZ(k, i), 
suP((c;(Y) -d( x, y))‘: yEZ(k, i)] for xEM-Z(k, i). 
Clearly, 14(x) - 4(y) I G d(x, y) if 4 is any from the mappings bi, ct. Further- 
more: 
bi(p)=OforeachpEPk,i=O ,..., t,, t,+l, k=l,2 ,.... (3) 
Since c;(x) G (i + 2)~~ and d(x, p) 2 i.Ek for x E Z(k, i>, p E Pk_l, k = 2, 3,. . ., 
i=O ,...,tk, we obtain that 
CL(P) < 2.&k for each PEP,, i=O ,..., t,, k=2, 3 ,... . (4) 
For x EM, define F(x) = (ax(n))~=, where 
a”(0) = 0, 
a”(1) =bY(x), 
a”(2) =aX(l), 
I 
k-l 
cf<x) ifn= C(2t,+2)+(i+l)wherei=O,...,t,, 
d(n) = 
j=l 
k-l 
b;(x) if II= x(2tj+2)+(t,+l+i), i’l,...,tk, t,+l. 
j=l 
Clearly, I) F(x) -P(y) II k G d(x, y) for any x, y EM hence F : A4 + Z,(w) is Lips- 
chitz. 
Since P is dense in M, lim,,,~, = 0 and both (3) and (4) hold, it follows that 
F(x) E c,‘(w,> for each x EM. It remains to prove that II F(x) - F(y)11 c,, 
> id{x, y}-recall that it implies that F-l is Lipschitz. Choose any two distinct 
points x, y EM. We may and shall suppose that there is a positive integer n such 
that d(p,, x) < fd(x, y) and min(d(pj, x), d(pj, y)) > @(x, y) for each j = 
1, _. . , n - 1 (observe the trivial fact that certainly d(p,, y> > +d(x, y>>. If d(p,, x> 
> t,,.E, then put j = t, + 1 and we obtain 
lb;(x) -b:(y)1 = Id( P,, Y) -d(p,, x) I > $0, Y). 
(Recall that {pl, . . . , p,) cB(p,, t,..c,).) Hence suppose that there is i E 
{O, 1,. . . , t, - 1) such that i.E, 6 d(p,, x) G (i + 1)x,. Of course, then II > 2 and 
b:+‘(x) = 0. If d(y, p,) a (i + 1)x,, + $d(x, y> then I b:+‘(y) - b;+‘(x) I = 
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min(dist(y, Pn_i>, (d(y, p,> - (i + l).~,)) 2 i&x, Y>. Hence suppose that 
d(y, p,) < (i + 1). E, + $(x, y) which implies that $(x, y) <(i + 1X&,, and so 
d(y, p,) G (2i + 21.~~. Since dist({x, y}, P,_i> 2 i&x, y> > d(x, P,> and ix,, < 
d(x, p,) < d(y, p,), it holds that {x, y} cZ(k, i) and I c:(x) - C:(Y)/ = 1 d(x, P,) 
-d(Y, p,)l > $(x, Y>. 
(2) Choose E > 0. For n = 1, 2,. . . define S, CK as the minimal set such that 
for each x E K there is y E S, such that 
P(X, Y) < ; 
(clearly, S, is finite for each n = 1, 2,. . . >. Put card S, = t,, S, = ix;, . . . , xyn), 
B,=max(p(x, y): xEK, yEK), 
B, = 
2(1 + &) 
) n=l,2 ).... 
F2.E 
Define F : K + co(oo) by the following rule: If p = CF 1 ti + k and k E {I,. . . , t,+ 1} 
then F(x)(p) = min(p(x, xr), B,) for each x EK. 0 
The following proposition shows that constants in Theorem 3.1 are the best 
possible (as Lipschitz embeddings into cT(oO) are concerned). 
Proposition 3.2. (1) There is no mapping F : l,(oo) + c,‘(w,> such that there is some 
E>O with: 
j&Yll I,< IIF(x) -F(~)ll.,, G 11x-y III, for each x, Y l I,(W,). 
(2) There is no isometric embedding of I” equipped with the II-metric into c,(w,>. 
Proof. (1) Suppose the contrary. Put w = F(0). Let p be a positive integer such 
that 
$& > 2.max{w(n): n Eq). (5) 
Let M,, i E w0 be disjoint subsets of w0 such that: M, n M, = (d whenever i f j and 
card Mi = p for each i E oO. Define $i E l,(w,), i E wg by: 
+i( X, = (k’ 
, 
rttezze 
For two distinct i, j E o define 4ij = 4i + 4j. There holds: 
ll~-F(~~)lI~,~p foreachiEwO, (6) 
II F(&) -F(4,) ho 2 &3P=P+ &p for (i, j, kj E [wOI~~ (7) 
II E( 4ij> - F( +i) 11 co ‘I’ 
II W -F(+jj) II CQ G 2P 1 
for {i, j} E [wOl”. (8) 
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Put Rjj = {n E 00: F(&,i)(n) >,p + &/(2(3 - E)).P) for {i, j) E [wg12, Ri = {ti E ~0: 
F(4,)(n) 2 s/(2(3 - e))p} for i E q,. Then 181 implies that 
Rij cR, for each {i, j} E [q,]“. 
It follows from (5), (6), (7): 
(9) 
For each k E wg - {i, j} where (i, j} E [w,12 there is y1= n( k, {i, j}) 
~Rii Such that IF(+k)(n) -F(#ij)(n)I>,p+E/(3_E).p, (10) 
hence by (8) 
IF(&)(n(k, Ii, j))) --F(AJ(n(k, ii, jI>) Ia &.P 
where m E {i, j}. (11) 
Consider & and R,. Since R, is finite, (6) implies immediately that there are two 
distinct i, j E o0 - (0) such that 
lF(gh;)(n) -F(4j)(n) I < &p for each y1 eRo. (12) 
Consider &i. By (9), ROi CR, CT Ri hence (11) contradicts (12). 
(2) 1”” is equipped with the metric p({x,J, {y,)> = C~=,(1/2”)1 x, -yn 1. Sup- 
pose that there is an isometry F : I wg + C,(W). We may and shall assume that 
F(0) = 0. For S E~~,(w,J - I@> define g(S) E 1”” by g(S), = 1 for x E S and 
g(S), = 0 for x E oa - S. The image F(g(S)) of g(S) will be denoted by p(S). For 
s ‘~~j&JJ - M1, put: 
K(S) = ffz El0 0: p(Wn) =dd% 0% 
Z(S) = i nEw,: p(S)(n) = -P(@)* 0)). 
Clearly, since S f $4, both K(S) and Z(S) are finite. Since F is an isometry and the 
metric p on Iwo is induced by the Ii-norm, there holds: 
K(S) cK(S- {x)) and Z(S) cZ(S- {x}) for each XES. 
Hence we obtain by induction: 
K(S) c n K(M), 
XES 
Observe that K(S) u Z(S) # fl for each nonempty finite subset S of wo. Let 
S, n S, = @. Then p(g(S,), g(S,)) = p(g(S,), 01 + p(g(S,), 0) hence I/ ~(8,) - 
PC?,) II C0 = pfg(S,), 0) + p(gG,), 0) hence 
either K(S,) nZ(S,) f: @ or Z(S,) OK(&) ;t @. (13) 
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Choose m, E wO. Put t = maxccard K((m,)), card Z({m,)>> + 1. Take A4 E 1~~1~~ 
such that m, EM. Put A4 = {m,, . . . , m2,j U (ql,. . . , qzt), 
S[={m,: iE{l)...) j}}u{qi: iE{j+l)...) 2t}}, 
Si=M-Sj for jE{1,...,2t-1). 
By (13) there is J c (1,. . . ,2 t - 1) such that card J = t and either 
K(Si) nZ(Si) # fl for each j EJ (14) 
or 
Z(Si) nK(Si) #fl for each jEJ. (15) 
We may suppose that the case (14) occurs. Put J = Iji, . . . , jt), j, < f . . <j,. 
Define Dj = n(K({x)): x ES{) n n{Z({x)): x E $1, j E 11,. . . ,t). Hence each Dj 
is a nonempty subset of K({m,)). If j, <j, then there is x E S$ - S$ hence 
Dj, n Dj, c K({x)) n Z({x)) and so D,, . . . , D, are pairwise disjoint which implies 
that card K({m,)) 2 t-a contradiction. 0 
Remark 3.3. Replacing cT(q,) by c&q,), one changes the situation very much as 
one can see easily that there is no mapping F : co(wo) + c,‘(w,) such that l/(2 - 
E) 11 x -y II G 11 F(x) -F(y) II G II x -y II for some E > 0 and each x, y E cO(wO>. 
(Proof of this fact: Suppose the contrary. Put w = F(O), t = max(w(n>: n E wJ. 
Take a positive real r > (2(2 - .z)t/e)M. Consider f, g E cO(wO> such that II f 11 = 
I1 g II = r and II f-g II = 2r.j Hence the mapping F: co(wo> + c,‘(w,) defined by 
F(f)(2n + 1) = (f(n))+, 
F(fJ(2n) = (f(n))- 
is the Lipschitz embedding with the best possible constants, namely 
;llx-YII =G IIF(F(y)11 G Ilx-YII. 
So the results on constants for Lipschitz embeddings into c,‘<w,> yield immedi- 
ately some estimations of constants for Lipschitz embeddings into c&w& How- 
ever, we do not know whether constants obtained in this way are really the best 
possible ones (except for the case of compact metric spaces, of course). 
4. 
Now we present some remarks on embeddings of nonseparable metric spaces 
whose uniformity has a point-finite base into C”(K). 
Definition 4.1. Let (X, p) be a metric space with pc(X, p) G wi. For E > 0, define 
hP(&) = inf(E: there is a p-uniform cover 9 such that ord 9 G q,, 9 <%‘p(~) and 
L(9) 2 E/El. 
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The mapping A gives the information how small sets are needed for uniform 
point-finite refinements. By Propositions 2.3 and 2.6, A(s) = 2 for each E > 0 and 
any CO(K). On the other hand, Lemma 1.1 shows that Ap(e) G 2 for each E > 0 and 
for any separable metric space (X, p). Observe that namely the behavior of the 
mapping A enables to construct a Lipschitz embeddings of these spaces into 
c&qJ. 
There holds in general: 
Proposition 4.2. Let (X, p> be a metric space. Put K = dens(X, p>. There is a 
Lipschitz embedding f : (X, p) -+ CO(K) iff there is a real E, such that AP(&) < E, for 
each F > 0. 
Using the method from the proof of Proposition 2.1 one can construct for each 
E > 0 a Lipschitz embedding f : (X, p> + CO(K) such that 
1 
GfsP(X Y) =G II f(x) -f(Y) II CO~p(x, y) for each x, Y EX. 
0 
Moreover, if for each 6 > 0 and each n > 0 there is a uniform point-finite 
refinement 9 of SF(~) such that for each n E X there are z E X and P ~9 such 
that B(x, q/E, -6) CP cB(z, 77) and p(x, z) < 6 + 77/Eo, which holds for a 
separable (X, p) (see the proof of Lemma 1.11, then one can construct f so that 
Eo+ll+EP(x, Y> G IIf -f(Y)IIc”~P(~> Y). 
(Cf. [2], the fact that E, =G 2 for separable metric spaces and Theorem 3.1.) On the 
other hand, using the metric space (X, p) such that Sp(l) has no uniform 
point-finite refinement (see [5,7]) it is not difficult to construct a metric space 
(M, a> such that 
pc( M, a) G wr and ,ty+“( E) = M. 
One can prove even a little bit more: 
Proposition 4.3. For any mapping 4 : O.I -+ o there is a metric space CM@‘, a> such 
that pc(I@.c~) <or and A”(l/n) > 4(n) for each positive integer n. 
Proof. Take a metric space (X, p) such that S’p(l) has no uniform point-finite 
refinement and p(x, y) < 1 for each x, y E X. For positive integers n, m define a 
metric pk on X by: 
i.P( I- 
1 
x, Y>, 
Pzl(X, y>= 1 
if p(x, Y) 2 ;, 
1 
n.m ’ 
if P(X, Y) < ;. 
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Put X; = (x, p;). Clearly, hPk(l/n) = m. Take a mapping 4 : w. -+ wo. Define a 
metric space CM@‘, a) = U E=,<x, p&,1 x {nl. Clearly, (A@‘, a) has a @dimen- 
sional uniformity but A”(l/n) > $(n>. 0 
Corollary 4.4. There is a metric space (X, p) with pc(X, p> < w1 which cannot be 
Lipschitz embedded into any co(~). 
As Rod1 [61 constructed a metric space (M, a) with card M = w, and pc(M, a) 
> w1 (all other known examples have the cardinality at least 2”o) we obtain: 
Corollary 4.5. There is no metric space (P, K) with pc(P, K) < w1 such that each 
metric space (X, p) with pc(X, p> GO, and card(X, p) < o, can be Lipschitz 
embedded into (P, K). 
Remark 4.6. (1) To indicate the complexity of metric spaces given in Proposition 
4.3 let us observe that one can construct easily a metric space the uniformity of 
which has no point-finite base of uniform covers using spaces M$ from Proposi- 
tion 4.3 (take just a metric sum of metric spaces M+n, n E wO where mappings 4, 
satisfy the condition: sup,, E ,0~,(1) = a). 
(2) J. Bobok has shown that Proposition 3.2(2) is valid for all Z,-metrics where 
l<p<m. 
(3) Let us make an easy observation which follows from Proposition 4.2: If B is 
a Banach space with dens B = K then either B can be Lipschitz embedded into 
co(~) or there is no A such that B can be uniformly embedded into c,(h). 
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